Two-port circuits

With the idea of the Thevenin (or Norton) equivalent, we saw that we

could represent the behavior of a circuit at a port (pair of nodes) using
a simple source-resistor combination.

What if we have two ports? A circuit that has an input and an output
would need two ports — for example, an amplifier.
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Need to use dependent sources. Now port 1 is connected to port 2
(the voltage at port 2 affects port 1) and vice-versa. This is the two-port
version of the Thevenin equivalent idea. We can use this to model

circuits that have an input and output.

If desired, we can do a source transformation at each end.
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Or mix and match...
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Use whatever combination is most advantageous in doing the circuit
analysis.

The general convention is define the current as inward at each port,

even if we know that it is flowing out.
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An example
Consider a two port circuit as shown below, with a voltage source
attached to the left and a load resistor attached to the right.

R 1 kQ 100 Q)
S
1 kQ) R, R,
VS +> Ul 02 RL 1 kQ
0.5V ™ I a,,0, 7,0, -
121 = 0.1 A1y = 10
RL RL T Rz (%))
02 = 120 H
: Rp + R, ma =L LT  jua
: Vs — ax107
1 = L1\ + 2102 (R1+R5> 1+ 42107
Ry + Ro 02 (VS = 61212)2>
== Ry + a»v .
Ry a2 R1 + Rg 1 AR Solve for v,
RiR;a
P - VitEiiariy

(R1 + Rs) (Rp + Rp) + apar1 [RiRy — Ry (R1 + Rg)]
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R1Rpa12

Uy = V
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For amplifiers, the simpler model with a>; = 0 is generally sufficient to
provide a good description of the circuit’s behavior.

O —O
+ +
R =
v, 1 v,
- — 1271 =
O O

In general, we need to include all four components if we want a
complete description of an unknown circuit.
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Determining the parameters for a two-port

Similar to finding the parameters for a one-port Thevenin. Since there
are four parameters, we expect four measurements or calculations.

But first, note that since there is no “internal” independent source, we
need to provide an independent source at one side so that we can get a
response at the other side. We can call this a “test source”. It can be
either type (voltage or current) and it can have any value that we like.
Typically, we might choose 1V or 1 A, or we might leave it in symbolic
form. It doesn’t really matter because the response will always be
proportional to the value of the test source.

Like the Thevenin approach, we might expect to look for open-circuit
voltage and short-circuit currents at each side to determine the voltages

and resistances.
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However, it turns out o
that the open-circuit i R, R,
v v
measurements are not ] a0, a0, 2
really necessary. = -
O

1. Apply a test voltage, V" at port 1. v; = V.
2. Short the terminals at port 2, making v, = 0. This has the effect of
making the source a0, = 0.

3. Measure, or calculate, the currents at the two ports. (Note that we

have changed the direction of i,.)
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Now reverse the experiment:

4. Apply a test voltage, V;” at port 2. v, = V",

5. Short the terminals at port 1, making v; = 0. This has the effect of
making the source a;v1 = 0.

6. Measure, or calculate, the currents at the two ports. (Note that we
have changed the direction of i;.)
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+ Rl RZ + 12 = _R
0 0 <|_> V// ?;/
1 2\ _
14,,0, i Ri= Vi
1 1 Sig //
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7 7

lans a1V, R4 25 Vi
daE= N

R4 an1 1

From the measured (calculated) values, we can determine the four
parameters for the two-port.
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Example

Find the two-port equivalent for the simple T-network shown below.

1. Apply a test voltage at v1. Short circuit v2. . Calculate the terminal

currents.
l-/ i/
R A o %
O O 4 1= 4+ Er
+ ' Ry R.+Ry|R
y [ +
Vi <—> “ R, | ORB Ry[|R. 'V,
i 5 SR RO IR LR
v R v R, + R.IIR
Ri = -t =R, + Ry|R. =1095Q —2 =t =R, o + Ro|IR. = 1150Q
Iq a12 Iy RbHRc
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2. Apply a test voltage at v,. Short circuit v1. Calculate the terminal

currents.
illl R R lg V// V/
A<— a C <—A Zé/ == b == t
- —I\: Req R+ R, HRb
Rb Y, <—l—> V;, s YURb T RaHRb V;/
= : Ra Rc =+ RaHRb Ra
Ry = V;/ = R, + R HR = 767C) i == V;/ — R Re RﬂHRb = 115002
S T T gt RRel T
R» 767C) R4 1095Q
= — — 0.667 = = — (0.952
1z ko /6112 115OQ 2 Ri /6121 115OQ
1110950 767 Q 1
C_> 4_C)
s Rl Rz u
‘1 4,19, a1,Y; &
o °
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Example 2

Calculate the two-port parameters for the circuit. Note the symmetry.

11_> 75 )R 75D <£
O O
+ +
Uy R, v,
= 570 ) hilBg- L)
O 0)

1. Apply a test voltage at v;. Short circuit v;. (R, is shorted out.)
Calculate the terminal currents.

.
ARy R, _" . 82
O O ¥ = —t = £
T LR T R R
q
V; <i> Ul Ra Rc V’
- Ri— Z—,f = Ry|| [Ry + R¢||Ry4] = 50Q
O O 2
p_WRe_ _ReRe Vi R _Vi_ o RetRef[Ry_ 5500
SER R R IDRITIRER a1y i, R.||R,
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2. Short circuit v1. Apply a test voltage at v,. Calculate the terminal

currents.
// ]/
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i + * Ry Rl [Rg+R||Ry]
R R, o, <’_L %4 v
- Ro =~ = RoJ| [Ry + R||R;] = 500
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o v RlR VI R _ V! Ri+RIR _ o
'Ry Ri+RJR R, PR R:|R,
Ry 50Q R, 50Q
LT R 3000 2= R/~ 3000
iy mmmmia (0 50 Q %
C_> 4_0
+ R, R, i As expected,
G g v - v,  also symmetric
2172 1271
o o
EE 201 go1=016Y a2 =0.167
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Example 3

LHHRE R 10 Q H5
Calculate the two-port parameters 50) Rl i
for the circuit. Note that the v, <A R, -
dependent source will probably a 10Q> R VO 15 O B
make this circuit asymmetric. o = ! S
y= 055
1. Short circuit v2. (R4 is shorted out.) Apply a test voltage at v;.
Calculate the terminal currents.
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2. Short circuit v1. Apply a test voltage at v,. Calculate the terminal currents.
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Example 4

Calculate the two-port

i—>‘
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parameters for the circuit. R;
50 kQ
O
A= 100
1. Apply a test voltage at v;. Short circuit v, Calculate the terminal
currents. / ]
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2. Apply a test voltage at v,. Short circuit v;. Calculate the terminal currents.

Rf
= ‘ R,
o
V! +
g1 Vit
M E TR RRRLS %Zi ?Ava
V" ] | |
2t = R||Ry = R; shorted, v, = 0
Z2
R; = 8.33 kQ Ry, =99.8 Q) ;
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To summarize:
1. Apply a test voltage, V', at port 1 so that v; = V.

2. Short the terminals at port 2, making v> = 0. This has the effect of
making the source a»1v> = 0.

3. Measure, (or calculate), the currents at the two ports. The two
measurements (calculations) give R; directly and the ratio Ry/az».

4. Apply a test voltage, V;” at port 2 so that v, = V.

5. Short the terminals at port 1, making v; = 0. This has the effect of
making the source a;pv1 = 0.

6. Measure, or calculate, the currents at the two ports. The two
measurements (calculations) give R, directly and the ratio Ri/az;.

7. Calculate a2 and a2; from the acquired data.

Note: If a circuit is symmetric, it's two-port equivalent will also be symmetric.

Note: If there are no dependent sources, only resistors, the circuit is passive and
a2 < 1 and az1 < 1. If there are dependent sources, then circuit may be active,
such that either a;» > 1 or az; > 1 or both.

EE 201 Two-port — 18



General two-port theory

e R
fm=——— o

+ +
1 9,
Gt o

The form of two-port equivalent that we have used to this point is just
one of several different forms. There are other ways to view the
relationship between the terminal currents and voltages. What we have
done is to write the currents in terms of the voltages.

11 = Y111 T Y102 mE i e

A Al vk mEEES

2 = Y>1701 - Y>,02 L 1v,=0 2 |p=0
[11] T {yll 3/12} {U{l Y, = i y,, = 12
12 Yo TYobl[on 01 [4,=0 U2 |5,=0

EE 201 Two-port — 19



Express v in terms of i

(impedance parameters)

01 = 21111 — Z1212

U = Zo111 — Zp21p

vi| _ |z Ziz| |4
(%) 221 Z22| |12
Units of Q for all
parameters.

EE 201

Express output In terms
of input (transmission
parameters)

Ur = 11101 + 1211

1o = £2101 + Il

23 1oet t11  tiz| |01
) thr to| |11
Different units for

different parameters.

Express input In terms
of output (reflection
parameters)

U1 = 1102 + b

11 = V2102 + T21p

U1 pa i 72| |02
11 1 Tl |12
Different units for

different parameters.
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Express v; and i, terms
of v and i; (hybrid
parameters)

v1 = h1102 + hioty
Ip = hp10y + hpotq

[01} + [hll h12] [Uz}
I hor hao| |1
Different units for

different parameters.

EE 201

Express v and i; terms

of v; and i, (also known
as hybrid parameters)

U2 = &11V1 T 812

11 = 82171 T 8pl2

{UZ} + {811 812} {Ul}
1 81 &) |22
Different units for
different parameters.
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With these different forms, the i-v relationships become more abstract.
We do not even need to know about the specific components making

up the equivalent two-port network. The matrix elements tell us
everything we need.

If we know set of matrix parameters, we can convert to any other set.
See the giant conversion tables in the text book. (For math nerds in the
class: derive the conversion formulas. For example, convert y-

parameters to t-parameters. It's not hard, just tedious linear algebra.)

For the most part, we will only use y-parameters to express the typical
equivalent circuit for amplifiers. With that starting point, we can shift
to other forms using source transformations, if needed.
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