Thevenin / Norton equivalent circuits

We have seen many instances where we can
take elements in a part of a circuit and
combine them in some fashion to make an
equivalent circuit. With respect to the two

|4

terminals, the two versions behave identically. o
Anything attaching to the two terminals will
not be able to tell the difference.
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We can generalize this idea of equivalency by saying that any linear
circuit that has a connection defined by two nodes — a port — can be
simplified to an equivalent circuit consisting of a voltage source and a
resistor in series. This remarkable result was proven by French engineer
Leon Thevenin in 1883, and so we call the simplified voltage-source /
resistor combination the Thevenin equivalent.

Terminology: A port is defined by two nodes in a circuit. In principle,
the port could be any random pair of nodes, but usually the port
represents a place where we intend to connect another circuit.
Common examples are the ubiquitous 3.5-mm stereo audio jack and
the even more ubiquitous USB plug. (Actually, both examples have
multiple ports in a single package, but never mind that for now.)

——o0
Linear 7 =
circuit with <same!!> VTh<+>
port a-b -
SR /N o b

This view that every linear circuit has an effective voltage (which could
be zero!) and an effective resistance completely changes the way that

we look at circuits. |
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If we consider the output port of some audio generating gizmo — a
phone or whatever — and want to hear the sound, we must connect a
speaker of some sort — headphones or a loudspeaker on the shelf. If we
look at the circuitry that generates the audio signal, it appears rather
bewildering to a novice. Yet, Thevenin says that all of that complication
can be boiled down to two components. And the speaker itself has a
Thevenin equivalent, which is just a single resistor, since the speaker
does not generate a voltage on its own.

1% <+> R
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audio source speaker

V <+> R
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audio circuit o
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Norton equivalent

Sometime later (c. 1926), a similar equivalency idea was put forth by
Edward Norton working at Bell Labs. His idea was nearly identical to
Thevenin’s, but Norton used a parallel combination of current source
and resistor, rather than Thevenin’s series arrangement. (Apparently
Norton was not aware of Thevenin’s earlier proof.)

. —0.q Oa
Linear
circuit with samell i <‘> R
port a-b e .
=0 o))

Having seen source transformations earlier, this is not surprising to us —
Norton is simply the source transformation of Thevenin. And vice-versa.

We might recall that we never actually proved that source
transformations were valid. We inferred that they were equivalent using
examples.
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Using Thevenin and Norton, we have
proof of the validity of source

transformations. If Thevenin’s voltage- .
source/resistor series combination is Linear
equivalent to the original circuit, and circuit with
Norton’s current-source/resistor port a-b BRERGy =

parallel combination is equivalent to

the original circuit, then the two must
also be equivalent to each other.
Vo, =1 R 4
Th n-n Th(t) - > IN<> RN
RTh )

oda

ob

oph
Thevenin Norton

Some texts make a big deal about differentiating between Thevenin and
Norton. We will take the view that they are simply two manifestations
of the same idea. As soon as we know one equivalent circuit, we
immediately know the other through source transformation, and in any
particular case, we use the version that is most suitable to the problem.
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To further illustrate the equivalence idea, consider the circuit shown
below — basically, it is the familiar “two-source, two-resistor” circuit

with a port defined by the two nodes a and b. Attach various load

resistors to the port, and calculate the resulting voltage across the load
along with the current and power. The results are given in the table.

R,
NNV O q
10 kQ2
NG
o i 10 kQ
ob
R,
A AN _?_
VS(i) IS< Ry ver

G. Tuttle

Rr VRL IRL PrrL
502 02475V | 495 mA | 1.225 mW
5002 | 2273V | 455 mA | 1033 mW
5 kQ2 125V 25 mA | 31.25 mW
50k | 2273V | 0455 mA | 10.33 mW

500k€2 | 2475V | 495 uA | 1.225 mW
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Now consider the simple source and resistor circuit shown below. Attach
the same load resistors and calculate the resulting voltages, currents, and
powers. The results are shown in the table. The results from this simple
circuit are identical to those from the circuit on the previous page. In
terms of a load that is attached at the port, the two circuits are
indistinguishable. We can use the equivalent in place of the original and
have identical results. This is the idea that was proven by Thevenin.

R, |
ARt Rr VRL IRL Prr
5kQ
7 (D 50Q |02475V | 495mA | 1225 mW
25V
°b 500Q | 2273V | 455mA | 1033 mW
RTh l
—AN——] 'R 5kQ | 125V | 25mA |3125mW
+
Vo CD Ve < &g S0kQ | 2273V 10455 mA | 1033 mW
- 500kQ | 2475V | 495 uA | 1.225 mW

G. Tuttle
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Determining the Thevenin/Norton values

Now comes a crucial question: Given a “black box circuit”, how do we
determine Vi, and R? (Or Iy and Ry ?)

Since there are two components in an equivalent circuit, we will need
to do two measurements (if working in the lab) or two calculations (if
working with pencil and paper) and then determine the Thevenin or
Norton values from those results. There is no easy way out — there must
be two independent measurements/calculations. Fortunately, we have
already learned the analysis and lab skills needed.

We use the Thevenin equivalent as a guide in determining the process.
The technique involves nothing more than attaching two different loads
to the port and then measuring or calculating the resulting voltages or
currents at the port.

We will illustrate the idea using random values for the two loads. Then
we will sharpen the technique by having the port be open circuited and
then short circuited.

First consider what happens with a simple source + resistor circuit in
which we don’t know the values of the source or the resistor.
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1. Attach a load resistor, R;;. 2. Attach another, different load

Measure resulting vi. resistor, Rr>. Measure resulting vs.
Ry, Ry,

TEREEAVAY AVamRrc NNVN—O

+ +
+ +

Vin <_> i3 R, Vo <_> idi R,
Ry v -l v
11 Th o= Th
RLI A RTh RL2 + RTh

Knowing vi and vy, it is a simple matter to use the two equations to
solve for the two unknowns, Vi, and Ryy.

We could also use the same approach with a Norton equivalent:
o—1" o—1"

A A
Iy <> Ry R Iy <> Ry R,
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Now that we see the basic approach, we can apply it to other circuits.
Attach a known load resistance and determine the corresponding port
voltage. Then attach a second load and find the port voltage for that. Use
the results to find the Thevenin (or Norton) equivalent for the circuit.

l
O 1
Linear & at Ry
circuit with R
v, I1 R,{+R
port a-b a IR,
l
O 2
Linear I L R,
. . - Yol
circuit with v, R, R;» + Ry,
port a-b ot

Again, this also works using the Norton model.

D (RLl o RL2>

L1V2 — Loy
HV] — [V
Iy — I
R; 1R (Vl Vz)
RTh =

Thevenin / Norton — 10



Example 1

Use two different load resistors (say 2.2k€2 and 22 k€2) to determine the
Thevenin equivalent of the two-source, two-resistor circuit shown earlier on
page 6. Confirm that the Thevenin equivalent on page 7 is correct.

R,

R

= s 0 —AAA— 0
10 k€2 + +
Vs <i> L <A> R, v, R, Vs (t) [ <A> R, v, K,
10V 4 mA L 22 k42 B 22 k€Q2
O @ O
% R> =10 kQ2
Try node voltage: Eh, try superposition this time:
Ve—v 1% 1% R,||R
S 1 —|—IS:_1_|_—1 Vé: 2” L VS=4O74V
R R, Ry, R + Ry||R»
IR jan e
Vv = VS: S }3 o= 7639V VZ S IS (RIHRZ”RLZ) HE 163OV
1 1
e v =2037V
Yi¥s (RLl = RL2> Ry R (Vl ™ Vz)
Then, V, = =25V and Ry, = = 5 kQ
Rp1vy, — Rpovy Rp1vy, — Rpovy
- ... Contirmed!
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Example 2

One lesson that we learn from Thevenin is that everything has some
equivalent resistance with it — even things that we thought of as being
“perfect” voltage sources. Let’s measure the Thevenin equivalent of a
pair of rechargeable NiMH batteries connected in series'.

Two batteries in series. Rr1 =100 Q. }

: VV (94H) uones

ViV, (Ry — R R:AR: 5 vy —w
Vi, = %2 (Ru — R =287V and Ry, = — (1= %) 1.03 Q.
Ry vy — Rppvy Ry vy — Rpovy

So for each battery, V=1.4V and R = 0.5 Q. Batteries have resistance!
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G. Tuttle

en-circuit voltage / short-circuit current

Using two random loads to determine the values in the equivalent
circuit seems pretty simple. There may be some numerical issues if we
use load resistors that are much bigger or much smaller than Rz, but the
method should work in general.

However, by being a bit clever about the choice of Rr1and Ry», we can
make the method even simpler. What if we chose Ry to be an open
circuit? (i.e. Rp1 = oo ) From the Thevenin circuit, we see that there will be
no current due to the open circuit. Hence, there is no voltage drop across Rz
and the open-circuit voltage v, must be equal to V! Boom — one

measurement, one piece of the Thevenin. & On the other hand, using an
open circuit with the Norton equivalent shows that v . = IyRy, so Vy, = IyRy.

But we are not finished.

Ry,
N O O
1 =0
Vo (i) v,.= Vo 1y, <A> Ry v,.=1yR)
o o

Thevenin / Norton —
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We still need a second measurement. What if we choose R;> to be a
short-circuit (Rz2 = 0)¢ In the Norton circuit, we see that the short circuit
at the load effectively shorts out Ry (no voltage across means no current
through), and all of the source current must flow through the short,

isc — IN!
—AAA

WD 3 .

In shorting the output of the Thevenin circuit, we see that

RTh

O

S0

Il
O
e
%N
Il
2'\4
=<
S
(+)
—
%
|
=
3

Q |

O
A4

: Th Vi
. =—,and so [y = —.

Ry, Rry
Two simple measurements or calculations tell use every thing we need:
1. From the open-circuit voltage, we find Vzy.

2. From the short-circuit current, we find Iy.

3. Then we can calculate Ry, = Ry = Vi, / In = Ve ! ise.
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E | R, R,
xample 3a LA AN
Let’s try the vo. - isc technique 2 22k 1 kQ
on a simple example. The Vs (.) K,

10V 33k

circuit at right is a nice one. -

First, do the measurement in the lab. It's easy — just build the circuit on
a breadboard with the 10-V supply for Vs. Use the multimeter at the
port to first measure v, and then switch over to measure .

V()C=6V: VTH isc=2.61 mA=IN

2 Q -

The circuit

_._:_J.—“_._‘.—’\‘l-
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Example 3b  Now let's do the same circuit with pencil and paper.

First voc. There is no current in the
dangling R3 due to the open circuit,
and so there is no voltage across it.
Consequently, voc = vra.

Rl R3
—\VVV NNVN—0
+ _i:() +
- ==
VS <_> R2 VRZ oc
£ o
R, v
R D e
oc R2 Rl -|-R2 S
3.3k
— (10V)=6V
2.2k + 3.3kQ

Viyp=v,, =6V I,=i_ =259mA
Ry =v, /i, =2.32kQ

oc “SC

Consistent with lab — with slight
difference due to resistor tolerance.

Next is.. Clearly isc = ig3. First find
ir1. Then use a current divider to

find igs.
R, R,
VY NNN\N—o0
l
+ R1 il
VS <_> RZ LT lR3l
: Vs Vs
93 B s KRN BRle
Rz R+ Ry||R;

10V

=3
1kQ +2.2kQ[|3.3kQ

o
R,

37 mA

lse = IR3 = 1 1 " IR
PiREE

1

— 13'31‘91 (3.37mA) = 2.59mA

2.2kQ 5 3.3k
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Alternative method for Ry,
In some circumstances, we can use a short-cut for finding the Thevenin
resistance. If the original circuit has only independent sources, we can
find the equivalent resistance by deactivating all the sources, and then
finding the equivalent resistance looking in at the port.

This works because the equivalent

Linear +—og resistance derives from the network of
circuit with resistors in the original circuit. If we remove
SOUrces “— Ry, **  the sources (deactivate them), we are left

deactivated——o b with just resistors, allowing us to find the

equivalent resistance using the resistor
reduction techniques learned earlier.

In a circuit having only independent sources, finding Rz directly using
this short cut might be easier than v, and then i.. Using this short cut,
we could find voc and Ry, directly (and then calculate Iy) or find iz and
Rry, directly (and then calculate V).

But to re-emphasize, this short cut will not work if there are dependent
sources in the circuit. Dependent sources cannot be deactivated. (Just
like when doing superposition.) In that case, you must find voc and isc

. uednd then calculate the correct Ryy. e e




Example 3¢
Use the short-cut method to find Rz, directly.

In lab, with the source removed and Or with pencil and paper.
replaced with a short, use an ohm-
meter at the port to find Rz. R, R,
—\VVV NNVN—o0
Q
R, <—R

DE’.EQE"I KDHM

Ry, = Ry + R{||R,
— 1KQ + (2.2kQ)[|(3.3kQ)
=73 k0

Again, the difference is
attributable to resistor tolerances.

1 ar P mrmmm T T =
—
G. Tuttle Thevenin / Norton — 18




Cautions when measuring Thevenin in lab

G. Tuttle

The previous example implies that measuring equivalent circuits in the lab
is straight-forward, but that is only half true. Finding open-circuit voltage is
easy — just use the voltmeter at the open port. However, we must be
careful if trying to directly measure short-circuit current or resistance.

1. Directly shorting the output port of a circuit is usually not a good
idea. Short circuits can result in high currents. This may cause the
device to enter a current-limiting condition, if it is designed with
protection. (Like the lab power supplies.) If the ammeter is used as the
short circuit, the high current may cause the meter fuse to blow. In
the worst case, the high current may cause damage in the circuit
being tested.

2. Even if nothing burns out, an ammeter is not a true short circuit.
(Look back at the DMM lab exercises.) In circuits with “small-ish”
resistors, the non-zero meter resistance may affect the measurement.

3. When measuring a black box — where the details of the internal
circuit are unknown — we cannot assume that there are no
dependent sources. In that case, the “short-cut” method of using the
ohmmeter to measure resistance directly is not reliable.

Thevenin / Norton — 19



The half-voltage method for measuring Ry

Since measuring equivalent resistance using short circuits or short cuts
can be tricky, we are back to the original idea of attaching non-zero
loads to the output, and then working backwards to find Rz. We can
still find Vr;, easily by directly measuring v,.. Then, we need only one
resistance measurement. With a bit of cleverness, we can complete the
measurement with no extra calculations. The trick is to use a

potentiometer.

—/NNVN——0
First, use the voltmeter to measure the open- R, 55
circuit voltage. Then attach a potentiometer to (i) Vel
the port. The nominal value of the potentiometer Vin -

should be bigger than the expected equivalent
resistance, but not too much bigger. Then, while
measuring the voltage across the potentiometer _/\Ié\/\’
with the voltmeter, adjust the resistance until the <+> .
voltage is exactly half of the open-circuit vy
voltage. At that point, R, = Rri. Remove the
potentiometer and measure its resistance.

Ol -~ +0
=

3
% when R, = Ry

VD
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Example 3d  Use the “half-voltage” method to
find the Thevenin resistance.

R

R

1 3 Circuit with B
% m B 10-turn, 10-kQ) eSS
V, (i) R, v, R, potentiometer s 1 -
10V 33kQ i asthe Joad. AN
£ EEEE EEEE e
Pot removed. Insert pot. Disconnect. Measure :
Measure voc. Adjust to vec /2. Rz, from the pot.

I DIGTS

:::::

e | oo | oo | [

e e
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Measuring Thevenin / Norton equivalents
Suggested approach

1. Use a voltmeter to measure open-circuit voltage at the port: voc = V.

2. Attach a resistor to the port — small enough to ensure good current
flow. (The current should be an appreciable fraction of expected Iy.)
Measure the port voltage and use the result along with v, to
calculate Rz.

3. Calculate In = v,./ Rty
Alternatives (But use caution.)

a. Measure Ry, by using a potentiometer to implement the “half-voltage
method”. Should work, but watch for high currents.

b. Use an ammeter as the short circuit. Beware of high currents that can
damage the circuit or the meter. If Rz, is small, the measurement may
limited by meter resistance.

c. Deactivate all independent sources. Use an ohmmeter to measure
R, directly. May be incorrect if there are dependent sources in the

circuit, which is often the case with electronics.
G. Tuttle Thevenin / Norton — 22



Calculating Thevenin / Norton equivalents

Approach that always works
1. Using whatever analysis techniques you prefer, calculate the open-
circuit voltage at the port: voc = V.

2. Connect a short circuit across the output. Using whatever
techniques are appropriate, calculate the short-circuit current:

isc — IN.

3. Calculate R, = Ry = voe / ise.

Short-cut method for resistance.
(Works only if there are no dependent sources.)

a. Deactivate all independent sources, and then calculate the
equivalent resistance seen looking in at the port: Req = Rri = Ry.

b. Calculate either vo. = Vi, or isc = Iy (your choice) as in described in
steps 1 or 2 above.

c. Calculate the other source using the resistance from part a:
VTh — Req'IN.
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When doing Thevenin/Norton calculations...

G. Tuttle

There are several examples illustrating calculation techniques in the companion
set of notes, “Thevenin/Norton Examples”. Specific things to note:

1

. All the techniques learned earlier (including SPICE) are fair game for

calculating Vi, In, or Rri. Use whatever seems appropriate for the circuit.

. The vo¢ and iy calculations are done on different circuits. Do not try to use

results from the v, calculation in the iy circuit. This is a common mistake.
Shorting the port changes the circuit — at the very least, there is one less node.

. Do not use the short-cut method for resistance if there are dependent sources.

. When doing v,. calculations, do not be fooled by “dangling” resistors. A

dangling resistor with no current has no voltage across it. It can be treated as if
it were just wire in the v, calculation.

. When the port is shorted, shunt resistors will be shorted out. A shorted resistor

has no voltage and hence no current. It can be ignored in the i, calculation.

. Finding the current in a wire by itself might seem weird — we never calculated

the current in a wire in any previous examples. However, KCL still applies.

Look at a node connected to the wire and find i;c by summing up the other
currents flowing into the node.
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Maximum power transfer

G. Tuttle

Now that we can model any linear circuit
using a simple Thevenin (or Norton)
equivalent, we can answer another
important question that frequently arises
in circuit design: Given a circuit, what
value of load resistance results in
maximum power delivered to the load?

If we know the Thevenin equivalent of the
circuit, the answer turns out to be quite
simple.

With the load attached, the output voltage is

Some
circuit

o

Max power?

Th

<~ 40

o |

B
8 D s
0 RTh+RL Th
and the corresponding power delivered to the load is
VinRy
(Rp, + Ry)
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If we view the power as a function of Rz, we can find the maximum by
using the usual calculus trick of taking the derivative and setting it equal
to zero.

dP; Vi ) R,V 0

Hp T RoEs FRiEs

€ (PR [RR

Multiplying both sides by (RTh + RL)3 and dividing by Vz | leaves
Ry, + R, — 2R, = 0.

Finishing:
Rr = Ry, for maximum power delivered to the load.

With Ry = Ry, ver = Vi /2 (or ire = In/2) — only half the voltage (or
current) appears at the output port. This may seem surprising, but recall
that we are maximizing for power, not voltage or current.

Also, half of the power generated by the equivalent source is dissipated
in the equivalent resistance. Again, this may seem surprising, but it is a
consequence of maximizing power delivered to the load.

Refer back to the first example and the tables on pages 6 & 7 — the
o Tutie delivered power clearly peaks when Ry = Ry Lo



Example 4

For the circuit below, find the value of load resistance so that maximum
power is delivered to the resistor. What is that maximum power ?
R,
NV o
10 €

A
I <> R, R, R =7

05A 1562 100 €2

O

This is a Thevenin/Norton equivalent problem R
in disguise. Obviously, we need to find an =
equivalent circuit. We can start by finding the

resistance. Since there is only a single R, R, Bns L
independent source, we can use the short-cut

method. After deactivating Is: O

Req — RTh — RN — R3||(R1 +R2) — ZOQ

So R;. should be 20 Q.
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Example 4 (cont.)

Q

To calculate the actual power, we AVAVAY,

L

need either Vg or Iy. Let’s use Iy. <A>
R
1

Shorting the output — which shorts
R; — we can see that isc = iro. Using
a current divider:

@

ijp = gy = —=—Is = 0.3A.

Rl +R2

SoIvn=03A. A
Iy Ry l l R,
L] L] RL
Finally, the load power is 03 A 20 Q 20 Q

@

O
A

] 2
Pl=i3R = <7N> R, =0.45W

Something to ponder: Suppose the question is reversed — given an Ry, of
20 Q and Is =0.5 A, what values of R, R>, and R3; should we choose in
the circuit to deliver maximum power to Ri? (Beware — trick question!)
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Example 5

Find the Thevenin and Norton equivalents
for the circuit shown at right with respect to
the port defined by a and b.

This circuit looks rather odd, but we can
sort it out easily by defining a ground and
writing node-voltage equations at a and b.

Va

= — 4dn
R,

VS =y
Ry

R;

I

The two nodes are independent. So finding
the voltages is quite easy.

R,
= Ve=3V and
R +R,

Va

Flna”y, VTh = Voc=Vqg—Vp= 15 V.

G. Tuttle

ALY o a
220 €2
Wy
SV 330 €2
L .
A
D h
30 mA 150 €2
O b
R, v,
—_—
+
AERESE e
4 . VOC
Vv
A
«(1) - 3l
O
Vb
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Example 5 (cont. R
: P ( poune ) : EEmEA 676 BE i, SEERC
Find the short-circuit current. This looks even -
stranger. First, R> and Rz are not shorted out +
| Vs R, 2]
because the ground connection allows for an =
alternate path for current to flow. Also, because ,
of the short, v, = v, so there is only one $ ! i llSC

unknown node. (As outlined by the red box.) " l
1 R
Finally, isc = ir1 — ir2. (Also isc + ir3 = Is.) Either 1 <> ? ?
way, we need to find the node voltage. [
Summing currents carefully,

] 7 : Vb_ Va
lRl 1 ZR3 — ZR2 Hr IS
Ve—v -V 1%
=
R, R; R,
Vg — Ryl
e . V.
1 1 R, = —
1 +R_2 +R_3 Th i
Plugging in numbers gives v, =—4.02 V. — 97820
Ve—v
Eimallhe s = g - 5
Yr Lse R1 R2 Rl R2
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Example 5 (cont.)

Or we might choose to use the Al

short-cut method to find Ry,
since there are only independent R
sources in the circuit. 0

Oa

After deactivating the sources (Is o R
removed, Vs shorted), the resistor
network is shown. R,

It is pretty easy to see the
equivalent resistance between a
and b:

Ry, = Ry + R(||R,
= 150Q + (220Q) || (330 Q)
= D8I

As expected.
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Example 6 -
6 mAN_/
Find the Thevenin and Norton g R
equivalents for the circuit shown at right. ¢ ANA ¢
First, find voe. Clearly, voc = vra. Node- R, HO Kt R,
voltage analysis might be the most Y s mamn
expedient approach. Then v, = v s L
P e i R s
g1 = g2+ I3 10V 3.3 kQ 10 kQ
o b
iRy + igs + Iy = ipy
V. —v Y V= Ism
s L i X N U
R R, R; R,
Ve rie s HVe vy ¢ ’\/_\{\/ ?
R3 R5 R4 Rl Vx R3 Vy
— " \VV\V NN T—70
(1+R1+R1> L mEE = — E
v, ——V, =
R2 R3 x R2 y : VS <t> RZ l R4 1 oc
Rs Rs Ks =
__vx+<1+_+_>vy=VS+RSIS o
Rs Ry Ry
nserting values and solving gives v, =11 V and v, =15 V. So Vi, =15 V.

G. Tuttle
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Example 6 (cont.) ;

Next, calculate the short-circuit
current. Start by noting that R4 will R,
be shorted out. Also, with the port ¢ VVV ¢
shorted, vy, = 0. R, v R v=0
—'\/\VV ® O
Using KCL, we see that bEanE A
iHzganEaNEREs + -
Lse = IR3 1 9 o IS VS <—> R2 1 R4 llSC
Ve—v V <
IRs = = = S = ImA i
Rs Rs
To find ig3, we will need to determine the  Then:
node voltage, v.. Writing the NV equation: 3385V
v I, = + 1 mA + 6 mA
JEeiiamseransenes 1 kQ
Rl R2 R3 — 10385 mA
o s Iy = ise = 10.385 mA
osieniaianen
R R Finally,
Inserting values gives vy =3.385 V. R = Voo | ise = 1.44 kKQ
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Example 6 (cont.)

Or we might choose to use the AVAVAY
short-cut method to find Ry, R

since there are only independent —\N\/\, AN\ —o o

sources in the circuit. o

After deactivating the sources (s 0
removed, Vs shorted), the resistor o
network is shown above right.

After noting the arrangement of R
the resistors, we can redraw the NV o
network — it might be easier.

Then, from the point of view of
the port, the resistance is o

Ry, = RslIR4ll (R; + R, IR,)
= (10kQ) || (10kQ) || (2.03k)

= 1.44kQ Confirming the previous calculation.
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Example 7 e

o a
Find the values for the Thevenin and sdcoir It o
Norton equivalents for the circuit at V <i> L <‘> R,
right. 24V YV 1 kQ
Because this circuit has a dependent E 0'1 e S
source, we will not be able to use the R I :
short-cut method to find equivalent A o
resistance. We must find voe and . Ve e +
A

Use NV to find vye. Vs (i) Id<> K, 1 Lims

VVRi =
i E t :

R, R,
L=y -vp=v (VS = voc) Inserting values
R
V= Ve + 7Ry (Vs = o) = o, 24V) |1+ (0.1 mS) (10kQ),
2 VOC =
10kQ
Ve (14 7R,) 1+ 0.1mS) (10kQ) + 202
ocC 1+}/R1+% =4V =VTh.
2
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Example 7 (cont.)

;

Next, find isc. When shorting the

output, R> is shorted out. We see ) 11.
that Vs <J_f> I, <> R, sc

isc e iRl = ¥ Ve ri o
Since the upper right node is now %
grounded, vg1 = Vs:
SRaERaRI Note that if we had incorrectly tried
e = R_l LA to use the short-cut method for
24V finding Rrn, we would have shorted
= + (0.1 mS) (24 V) the voltage source and then
est probably removed the dependent
U R current source, leaving the two
resistors in parallel. The result would
Finally, R, = ﬁ — 8330 have been “close-ish” to the actual
1 value, but definitely not correct.

Vin=4V,In=4.8 mA, Ry, = 833 Q
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Example 8

G. Tuttle

Find the values for the Thevenin
and Norton equivalents for the
circuit at right.

Again, with the dependent source,
we will not be able to use the
short-cut method to find equivalent
resistance. We must find voe and is..

First voc. Hmmm. This is not a
simple circuit. It needs three node
voltages or two mesh currents with
a supermesh. We will try NV.

Ig = ip + ip3
ipy = Iy +1; = ipy + Pipy

ip3 + Pipy = g4

R3
N\NN
R 100 Q
o—/\/\l/\, A ® O a
L e TN
Is<> R, . 59 R,
02 A 10 Q ) 100 Q
posr
R3
Vv
R1 % /\ 1%
= ANA o 5
S Ees v N T
I (‘) Rl Pig, |58 v
Lo 4
O

Thevenin / Norton — 37



Example 8 (cont.)

The NV equations are:

V.— WV v —V
IS= X y+ X Z
R, R,
Vv, —V 1% 1%
i s ot
R, R, R,

Y =y V V
t Z+ﬁ_y:_z
R; R, R,

Rearranging a bit:

v

y
(ﬁ“)R—z

R R,
bty - = v = R
R R;

R

—v_+ [1+—(1+ﬁ)]

R,

R; R; =
=L - Vit 1+R— v, =0
2 4

G. Tuttle

Inserting values
L 1ovi—vo = 0Dvi= 3w
= lOvy =0
—v,—50v,+2v, =0

We can use a solver directly. Or use the
middle equation to eliminate v, from the
first and third equations.

10.5v, — 0.15v, =3V
—060v, +2v, =0
Solving the resulting 2x2 gives

vw=05Vandv;=15V.And thenv,=5 V.
Since voc = Vg,

VTh:VZ: 15 V.
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Example 8 (cont.)

Next, find isc. Shorting the output
shorts R4 as well. Then

isc = iR3 T ﬁiR2° Ji
We need to find the new values

for vy and v,. Use NV again.

ViV Vv
X Y

R R

H Yy
Sl i

Rl

Vx

—v, + [1+§—;(1+ﬁ)]vy=0

L1v, =9, =3V

—v, + 10v, = 0

Solving gives v, =2.86 V and v, = 0.286 V.

G. Tuttle

AR
R % v=0
OB RLY
)
Then
: 2.86V
Lo — 28.6mA
100 €
0.286 V

and ip, = T 28.6 mA.

Finally,
ie=28.6 mA + (5)(28.6 mA) =0.172 A.

At last! We have arrived:

V=15V, Iyn=0.172 A, and

15V
0.172 A
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Example 9
Find the value of load resistance
that will result in maximum power

delivered to the load. Calculate that 15 O /\3/3\/3/2 5
maximum power. v, (i) R, . R,
(Obviously, this is another way of > v R R, ;
saying “Find the Thevenin or AANA, AVAYAY O
Norton equivalent of the circuit.”) 10 Q 47 €2
R = Rs =100 €2

Since a key to finding the max =
power is finding the resistance, and R, R,
since this circuit has only G e VVV -
g Q
mde.penden.t sources, we could R, R. —R,
begin by using the short-cut Q R

; R3 6
method to find Rz. L AN/ NN\ o

After deactivating the sources, the
equivalent resistance seen from the R;, = R

[R4 + Ry + R2H (R, + R3)]
output port is straight forward.

So the load resistance should be
50 €2 for maximum power. — 500

— (100Q) || 300+ (1000 | (259)]
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L

Example 9 (cont.) alii
However, to calculate the maximum N
power, we also need the Thevenin RRand dmmRRas Sraklmely i
voltage (or Norton current.)

i
As always, we can choose the v <+> @ 5 @ li

analysis method. Let’s use the mesh- & ] fz . g
current method to find the Norton
current. With the port shorted, Rs is — Vg SanL SARE

shorted. With the circuit set up for
MC analysis, we see that isc = i,.

@

Q

Insert values:
(125Q) i, — (100Q) i, =23V
—(100Q)i, + (180Q)i, = 6.6V

Vo e Vs Ve )
1 VRo = Vrg — Vge = 0

[ Vs=R, (i = I5) = Ry (= i,) = Ryi, = 0 PoMIng:

ir=0384 Aand i, =025 A
i =025mA - V,, =12.5V

(6.25V)°
| =Ryi,— (Ry+ Ry + Ry) iy, = Ryl fm = oy =N L
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Example 10 AN, ANA

15 Q
<> Ry Vi, R,
B AV 10 L 40 Q

We are tasked with finishing the design of a small circuit that will be
part of some electronic system. The basic topology is shown above. The
circuit must have its equivalent resistance matched to the external 40-Q
load and be able to deliver 3.6 W to the load. Some of the internal
resistors are already specified. Finish the design by choosing Is for the
current source and A for the dependent voltage source so that the
circuit is delivering its maximum available power to the load.

+

(W

D

®
SHe)

oS

As stated, R, for the circuit should be equal to 40 Q. Also,

R \/(3.6 W) (40Q) = 12V,

Since at max power, vrr = Vi /2, then Vi, =24 V.

So we can find expressions for v, and is, and then choose values so

that the Thevenin equivalent of the circuit meets the requirements.
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Example 10 (cont.)

Find v, which is equal to vg».

AVOC T Ve . IS IRt k
R, R,
RIIS
Voc = R,
L+ —A

G. Tuttle

Find isc, which is equal to irs.

AVRZ_VR2+] =@+@
R, R R
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Example 10 (cont.)

G. Tuttle

R, Soses: R, fs
V.= - and| i = ESgERna
1 kg s
1 + R_2 = A 1 | R, | R, A

We know that i;c must be equal to voe/ Rmn = (24 V)/(40 Q) = 0.6 A, and so
we could treat the pair above as two equations in two unknowns (/s and
A) and solve in the usual fashion. But the form of the two expressions
suggests a possibly easier path. Dividing the left by the right:

Rl Rl
v R; <1 rE=aias et A) Now, knowing A, we can use
z_ = Ry, = R, the v, expression to find Is:
sc 1 + R_2 — A R,
V- <1 e A>
Is has disappeared! I, = e
0oL 10D@E-4) K
T s - (24V)(05) it
A bit of algebraic finagling gives 15 Q |
Wy Design complete!

Thevenin / Norton — 44



Example 11 — Thevenin as an analysis tool

G. Tuttle

In the right circumstance, it is possible to use a Thevenin/Norton
equivalent as circuit-analysis tool. Usually, this involves recognizing a
piece of a circuit for which we already know the equivalent, and then
substituting in to simplify subsequent calculations.

Note how this contrasts with previous Thevenin/Nortion examples,
where we used techniques from our circuit-analysis toolbag to find the
voltages and currents needed to determine an equivalent. Now we
circle around and use an equivalent to find a voltage or current.

As a simple example, consider the R R
ladder circuit shown, where we would LA, ;
like to find vga. Earlier, we analyzed this 22 €2 15 Q +
circuit using several different methods v i) R, R, 2V,
— cascaded voltage dividers, node 14V 33Q 47 QN

voltages, and mesh currents. Using a
Thevenin equivalent gives us another
option.
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Example 11 (cont.) R, R,

Taking a slightly different view of +
the circuit, we might treat R4 as a V, <i> K, Vi R,
load attached to a port. Then we e
can find the Thevenin of the rest of o
|

the circuit with respect to that port. !

] . load
; Find Thevenin.
Recall that we found the Thevenin

of this particular circuit back in
Example 3 — we already know the

result: R,
R NV =0
Vg, = : V=144V and 28292 +
R+ R, VTh(t) e R4
Ry, = R; + Ry||Ry = 28.2 €2 144V Ry O
Then S
VR4 = 4 Vi, =9V
RTh + R4
Q.E.D.
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Example 12 (Ex. 9 redux)
Of course, we can also use SPICE to find the equivalent circuits. Below
are simulations using LTspice for the circuit of Example 8. (Note the

placement of the ground, making it easy to display the desired voltages.)

—I( example8-voc.asc 4( example8-isc.asc

2 'y Q X T Q
N )
> )
N )
0.2 0.2
R1 R4 R1 R4
l—/\A/ W—I] 2.5V A A 1.65V % .OV
s 2 + 15 33
e J_r Re RS VY vs( R2 RS I
20 100 100 ©O¢ 20T 100 100 5S¢
.OP R3 R6 = .OP R3 RE
10 47 10 /\4/>
VTh = Yoc = 12.5 V. IN: lsc:O.2A+(1.65 V)/(33 9)20.25 A.

(Note: These simulations were done with the Mac version of LTspice, which is
somewhat hamstrung in terms of displaying DC currents. If using the
Windows version, a better way to show i, would be to attach a voltage
source with value OV (same as a short circuit) across Rs and then display the

current through the “short source”.)
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